ECE 6552 — Lecture 17

FEEDBACK LINEARIZATION 3 (FULL-STATE FEEDBACK
LINEARIZATION)

March 12 2025

Overview:

¢ Introduce full-state feedback linearization

¢ Define a few basic concepts from differential geometry
e Frobenius Theorem

Additional Reading:

e Khalil, Chapter 13

¢ Sastry, Chapter 9

Review of Normal Form

Example

Consider the system

Thus, the system has relative degree r = 2. Since r < n (and our
system is SISO), we will have one degree of underactuation. To char-
acterize the zero dynamics, we restrict  to:

ZZ{CCG]R3‘12=$3:0}
and take v = 0 for the input-output linearizing control law:

* _ 1 72
u*(z) = L,L;h(@) ( Lih(z) + 11)
= —r173 + VU

— U = —2X1T3
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This yields the zero dynamics:

. 2—1—3@%( )
i1 = —x1+ —x123) = —%
1 1 1 I% 143 1

0
= x3 =0
—~—
0

i3 = 2123 — 2123 =0

Thus, the zero dynamics are &1 = —.

Finally, to find the zero dynamics coordinate z for normal form, we
need to find a function z(z) such that

A0) =0, Zga)=0

2+z§

Since g(a?) = [@,0, 1]T
0z 0z 2+ a:% 0z
e} =0 7= 2 0
Or 9(w) — O0xr1 1+ x% Ox3

This partial differential equation can be solved by separating vari-
ables to obtain
2(x) = —x1 4+ 23 + tan~ ! (x3)

Thus, the normal form is:

z —x1 + 23 + tan!(23)
T(x)=|m| = )
2 x3

Full-State Feedback Linearization

The system & = f(z) + g(z)u, z € R™, u € R, is (full state) feedback
linearizable if a function & : R™ — R exists such that the relative
degree from u to y = h(x) is n.

Since r = n, the normal form in Lecture 19 has no zero dynamics and

m h(x)

m Lgh(x)
r— | | = i

n L?_lh(a?)



is a diffeomorphism that transforms the system to the form:

m o= m
T = 113
= LYh(z) +L9L7}_1h(m)u.

Then, the feedback linearizing controller

1
v=———-+-—| —LPh(z)+v]|, v=—kim- - —knin,
LgL?lh(:r)< f ( ) ) 1T nln

yields the closed-loop system:

0 1
0 1
n=An where A=
1
-k —ky —ks ... —kp
Example
Consider the system
i = a2+ 29:%
Ty = x3+u
T3 = r—a3

The choice y = 23 gives relative degree » = n = 3. Thus, we know
that the normal form will be of the form:

m h(z) 3
T(x) = |m| = |Lsh(z)| = r]— 3
73 L?h(z) z3 + 223 — (21 — 3)

This gives us our strict feedback form:

m M2
n=|ml= m
3 (421 — 1) (22 +223) + 21 + u

with the feedback linearizing controller:

u=—(4oy — 1) (22 +222) — 21 — kym — kamp — kana.

Summary so far:
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I/0 Linearization: * suitable for tracking
¢ output y is an intrinsic physical variable
Full state linearization: e set point stabilization
* output is not intrinsic, selected to enable
a linearizing change of variables.

Remaining question:

* When is a system feedback linearizable, i.e., how do we know
whether a relative degree r = n output exists?

Basic Definitions from Differential Geometry

Definition: The Lie bracket of two vector fields f and g is a new vec-
tor field defined as:

Falw) = 2 1)~ P g
Note:
1. [f,9] = —lg, f],
2 [f,f1=0,

3. If f, g are constant then [f, g] = 0.

Notation for repeated applications:
(£ [f, 9] =ad%g, [f[f.[f.9]]] = ad}g,
ad}g(x) 2 g(z), adjg2[fadjlg] k=123, ..

Definition: Given vector fields fi, ..., fi, a distribution A is defined as
A(z) = span{ fi(z),..., fr(z)}.

f € A means that there exist scalar functions «;(z) such that
f(@) = ar(@) fi(w) + - - + ap(2) fio ().

Definition: A is said to be nonsingular if fi(z),..., fx(z) are linearly
independent for all x.

Definition: A is said to be involutive if
NHENPEA = [g1,p] €A

that is, A is closed under the Lie bracket operation.

Proposition: A = span{ fy,..., fi} is involutive if and only if

(fi filed 1<ij<k
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Example 1: A = span{fy,..., fx} where fi,..., f; are constant
vectors

Example 2: a single vector field f(xz) is involutive since [f, f] =0 €
A

Definition: A nonsingular k-dimensional distribution

A(z) = span{ f1(z),..., fg(z)} 2 e€R"

is said to be completely integrable if there exist n — k functions

(bl(x)r B anfk(x)

such that
0¢; P o
e filx)=0 i=1,...,n—k, j=1,...,k
and d®;(z) := a;)i, i=1,...,n—k, are linearly independent.
T

Frobenius Theorem: A nonsingular distribution is completely inte-

grable if and only if it is involutive.

Back to (Full State) Feedback Linearization

Recall: & = f(z) + g(z)u, z € R", u € R is feedback linearizable if
we can find an output y = h(x) such that relative degree r = n.

How do we determine if a relative degree » = n output exists?

Lgh(z) = LgLsh(z) = -+ = LgL'} *h(z) = 0 in anbhd of 2y (1)
LgL'y " h(x) # 0. (2)

Proposition:' (1)-(2) are equivalent to:
Lgh(z) = Lag,; gh(z) = -+ = Lad?fzgh(x) =0inanbhdof zg (3)
Lygn1gh(z0) #0. @

The advantage of (3) over (1) is that it has the form:

oh

%[g(:c) adyg(z) ... ad?izg(z)} =0

which is amenable to the Frobenius Theorem.
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* follows from (5) below with 57 =0

5



Theorem: & = f(z) + g(x)u is feedback linearizable around z if and
only if the following two conditions hold:

C1) [g(z0) adfg(w) ... ad} 'g(zo)] has rank n

C2) A(z) = span{g(z),adf g(z),.. .,ad}“Zg(:c)} is involutive in a
neighborhood of .

Proof: (if) Given C1 and C2 show that there exists i(x) satisfying
3)-(4)-

A(z) is nonsingular by C1 and involutive by C2. Thus, by the Frobe-
nius Theorem, there exists h(z) satisfying (3) and dh(z) # 0.

To prove (4) suppose, to the contrary, L_ d?,lh(mo) = 0. This implies

x0)9(®o) adgg(xo) ... ady “g(xo)] =0.

dh(z0)[g(w0) ady g(xo) d}g(0)] =0
nonsingular by C1

Thus dh(zg) = 0, a contradiction.

(only if) Given that y = h(z) with r = n exists, that is (3)-(4) hold,
show that C1 and C2 are true.

We will use the following fact> which holds when r = n:

j 0 ifidj<n—2
L gi gLgh(z) = it me L (5)
i (1) I L L h(x) £0 ifitj=n—1.
Define the matrix
dh
M = Absh [ —ad d? —1)nlag? !
= : g 79 adyg ... (-1)" "a g
dL;—lh
(6)

and note that the (k,¢) entry is:

My = dLy h(z)(=1) T ad ! g(x)

f
= (—1)3_1Lad§71gL’}_1h(x).
Then, from (5):
0 L+ k<n
My =

#0 L+k=n+1.

Since the diagonal entries are nonzero, M has rank n and thus the
factor
g —adsyg ad? g ... (=1t ad;ﬁ_lg

in (6) must have rank n as well. Thus C1 follows.
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In practice, we use the Frobenius
Theorem to show that the dis-
tribution A(z) is involutive by
finding a function ¢(z) such that

220g(x),ads g(),...,ad} 2g(z)] = 0.

*see, e.g., Khalil, Lemma C.8

0 0 *
0 /

*
* *



This also implies A(z) is nonsingular; thus, by the Frobenius Thm,
complete integrability = involutivity.

A(z) is completely integrable since h(z) satisfying (3) exists by as-
sumption; thus, we conclude involutivity (C2).

Example: i1 = xp+2423
Ty = x3+4+u
T3 = x1—T3

Feedback linearizability was shown earlier by inspection: y = x3
gives relative degree = 3. We can now verify this with the theorem

above:

Ty + 290%
f(z) = T3

T —x3

[fo9l(x) = | 0 (£, 1f,9])(=) =

Conditions of the theorem:

0 -1 4n
1. 1 0 0 full rank
0 0 1
0 -1
2. A = span 1|, 0 involutive
0
0 1
oh

ox

S =

0 | satisfied by h(z) = z3.
0
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Recall that [f,g] = 92 f(z) — 9L g(x)

oo [3 4 31 [3]
NIHRE

S =

[f/[f/g” =0- |:

=]
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