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Overview:

¢ Linear Time-Varying Systems

¢ Differential Lyapunov Equation
* Backstepping

Additional Reading;:

¢ Khalil, Chapter 8.3, 4.6

e Khalil, Chapter 14.3

Review of Lyapunov Stabilty Theorem for Time-Varying Systems

The Lyapunov stability theorems for time-varying systems intro-

duced in the last lecture can be summarized as follows:

1. If Wi(z) < V(t,z) < Wa(z) and V(t,2) £ 9 + L f(t,2) < 0 for
some positive definite functions Wy (-), Wa(-) on a domain D that
includes the origin, then = 0 is uniformly stable.

1 Wa(x)

V(tl, a:) V(tz 3;)

Wi(z)

> T

2. If, further, V(t,z) < —Wj3(z) Vo € D for some positive definite
W3(+), then z = 0 is uniformly asymptotically stable.

3. If D = R"™ and W(-) is radially unbounded, then z = 0 is globally
uniformly asymptotically stable.

4. M W;i(z) = ki|z|®, i = 1,2,3, for some constants ky, ko, k3,a > 0,
then z = 0 is uniformly exponentially stable.

Example:
i = —g(t)z> where g(t)>1 forall ¢
V(z) = %xz S V() = —g(t)et < —a* 2 Wa(a)
Globally uniformly asymptotically stable but not exponentially sta-
ble.
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What if W3(-) is only semidefinite? Khalil, Section 8.3

Lasalle-Krasovskii Invariance Principle is not applicable to time-
varying systems. Instead, we will have to use the following (weaker)
result.

Suppose W1 (z) < V(t,x) < Wa(x)

ov. oV
oy Y7 < _
It + o7 f(t, .7;) < Wg(m),

where W1 (-), Wa(+) are positive definite and W5(+) is positive semidefinite.
Suppose, further, W1 (-) is radially unbounded, f(t,x) is locally Lipschitz in
x and bounded in t, and W3(-) is C. Then

W3(x(t)) = 0ast — oco.
Note: This proves convergence to S = {z : W3(z) = 0} whereas the

Invariance Principle, when applicable, guarantees convergence to the
largest invariant set within S.

Linear Time-Varying Systems

Khalil Section 4.6, Sastry Section 5.7
Our linear time-varying system can be first introduced as simply a
special case for our general time-varying system:

i=Alt)r  x(t) = D(tto)x(to) (1)

The state transition matrix ®(¢, to) satisfies the equations:

%q)(t,to) — A1 to) 2)
D w(t,t0) = ~(t,10)Alt0) )
0

* No eigenvalue test for stability in the time-varying case:

¢ For linear systems uniform asymptotic stability is equivalent to
uniform exponential stability:

x = 0 is uniformly asymptotically stable 2Khalil Thm. 4.11, Sastry Thm. 5.33
if and only if

|D(t, t)]| < ke 1) for some k>0, A > 0.
Example: & = A(t)z. Take V(z) = 7 P(t)a:

Vig) = 2TPt)z+iTP(t)z+ 2" P(t)i
= 2T (P+ATP+ PA)
2-Q(t)
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If kyI < P(t) < koI and k3l < Q(t), k1, kz, k3 > 0, then
kr|z]? <V (tz) < kplz[?> and V(t,z) < —ks|z|?

= global uniform exponential stability.

V(t,x) = 2T P(t)x proves uniform exp. stability if

(i) P(t)+AT()P(t) + P(t)A(t) = —Q(t)
(i) 0<kl<P(t)<hol
(iii) 0 < k3l < Q(¢) for all ¢.

The converse is also true:

Theorem: Suppose = = 0 is uniformly exponentially stable, A(t) is
continuous and bounded, Q(t) is continuous and symmetric, and
there exist k3, k4 > 0 such that

0 < k3l <Q(t) < kyI for all t.
Then, there exists a symmetric P(t) satisfying (i)—(ii) above.

— For stable linear systems, there always exists quadratic Lya-
punov functions

- Find them by choosing any positive definite Q(¢) and solve
(differential) Lyapunov equation.

Proof:
. . . ® QT A
Time-invariant: P = / e™ TQe™dr
0
Time-varying: P(t) = / o7 (r,1)Q(r)®(r, t)dr
t

Using the Leibniz rule, property (3), and ®(¢,¢) = I we obtain:

P = [ <8®T(T,t)Q(T)CD(T,t) +¢T(T,t)Q(T);¢(T,t)) ar

ot
— T (1,1)Q(t)@(t,1)

= t°° (—AT @7 (7, )Q(N)P(,1) — @7 (r,1)Q(r)@(r, ) A(1) ) dr
— T (t,1)Q(t)@(t,1)

= —AT()P(t) — P()A(t) — Q(t).



Lyapunov-based Feedback Design

We have now covered all components of Lyapunov theory. We will
transition to introducing how Lyapunov theory can be used to design
control laws. In particular we will introduce backstepping (today’s
lecture)and Control Lyapunov Functions (in future lectures). Another
example that we will not cover in class is adaptive control (MRAC to
be exact).

Backstepping

Feedback stabilization: Given a control-affine nonlinear system?3

&= f(z) +g(z)u @)

with input v € R and smooth functions f: D — R" and g : D — R",
design a control law u = k(z) such that z = 0 is asymptotically stable
for the closed-loop system:

i = f(x) + g(@)k(z).
Backstepping is a technique that simplifies this task for a class of

systems.

Suppose a stabilizing feedback u = k(n), k(0) = 0, is available for:
n=Fn)+Gnu neR"ueR, F(0)=0,

along with a Lyapunov function V' such that

v
on

Can we modify k(n) to stabilize the augmented system below?

(F(n) + G(n)k(n)) < —W(n) <0 Vn#0.

= Fn)+ G0
é—u
Define the error variable z = £ — k(1) and change variables:
(n,€) = (n,2):
= F(n)+Gn)k(n) +Gn)z
s=u—k(n,z)

where k(n,z) = g—’; (F(n) + G(n)k(n) + G(n)z). Take the new
Lyapunov function:

1
Vi(n,z)=V(n) + 522-
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Khalil (Sec. 14.3), Sastry (Sec. 6.8)

3 We will show in a later lecture that all
mechanical (robotic) systems can be cast
in this form.
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. ov
ov ov .
= Gy (FO)+GONk)) + 3Gz -+ 2(u )
< — oV
< -Wi(n) :z(u—k’—kafn(}’(n))
Let: u:k—%—‘;G(n)—Kz, K >0.

Then, Vi < —W(n) — K2?> = (1,2) = 0 is asymptotically stable.

e Above we discussed backstepping over a pure integrator. The main
idea generalizes trivially to:

n=Fn)+GHnw
= f(nz)+g(nz)u

where n € R?, 2 € R, and g(n,z) # 0 for all (,z) € R+,
With the preliminary feedback

g(n,x) (_f(n/x) +U> (5)

the z-subsystem becomes a pure integrator: © = v. Substituting the
backstepping control law from above:

v:k—%—‘;G(n)—Kz, 2 x—k(n), K>0

into (5), we get:
1 ov

v <—f(n,x)+l%:— anG(n)—Kz>.

e Backstepping can be applied recursively to systems of the form:* 4+Systems of this form are called “strict
feedback systems.”

i1 = fi(z1) + g1(x1)x2
iy = fo(x1,22) + go(21, 22) 23

i3 = f3(x1, 22, 23) + g3(x1, T2, T3) 74 (6)

Ip = fn(m) +gn($)u

where g;(z1,...,2;) #0forallz € R",i=2,3,--- ,n.



Example: .
— 1 =27+ 22
Ty =u

Treat x, as “virtual” control input for the x1-subsystem:

k() = —Kz; —22 K >0

Apply backstepping:

2 =xp —k(z1) = 3 + Koy + 27

22 = Uu— k

u:k—%—kzzz, ko >0
afL‘l

= (K +2x1) (a2 +a3) — o1 — koo + Koy +23).
B o =%
N 89c1
Example 2: 1 = (w120 — 1)35‘;’ + (w2 + 25 — D)aq

Ty = X3

T3 = U.

Not in strict feedback form because x3 appears too soon. In fact,
this system is not globally stabilizable because the set 12, > 2 is

positively invariant regardless of u:

A
€2

> 1
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To see this, note that
n(@) - f(z,u) = [(z102 = D)o + (2122 + 23 — Dar]az + 2301
and substitute z12, =2 :
= (a:% +(1+ x%)xl)@ + 2371
= (a:% +(1+ x%))mlxz + z311

=222 +2(1 4 23) + x371
= 229 + x3a1 + 225 +2 > 0.

>0
Example 3: i1 =l
. 8
2 = U
Treat z; as virtual control and let | aj(x1) = —z1 | which stabilizes the

z1-subsystem, as verified with Lyapunov function V;(z1) = $22.

Then 2, := xp — a1(x7) satisfies 2, = u — &1, and

o

—x% —kozp = fx%xz — x“;’ —ko(zo + 21)
axl

U= a1 —
achieves global asymptotic stability:

1 1
Vo= 242 2

71 + 7% = V=-x - kzz%.

Note that we can’t conclude exponential stability due to the quartic
term 2] above (recall the Lyapunov sufficient condition for expo-
nential stability in Lecture 11, p.2). In fact, the linearization of the
closed-loop system proves the lack of exponential stability:

0 0
— A2 =0,—kp.
[0 _kZ] 12 2
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