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Topics Covered:
* Resolved Rate Trajectory Generation Derivation
* Damped Pseudo-Inverse
» Weighted Pseudo-Inverse
Additional Reading:
e LP Chapter 9

* Craig Chapter 7
_ %

So far, we have discussed how to obtain 6*(¢;) from g*(¢;) using inverse kinematics. However,
inverse kinematics can often have issues with multiple solutions. To get around this issue, today
we will discuss resolved rate trajectory generation which gives us 6*(t;) from g*(¢x). At the end
we will also introduce how to follow a straight-line path using time-scaling.

Resolved Rate Trajectory Generation

Given a desired end-effector trajectory ¢ (¢) and it’s associated velocity £¥(t), we consider:
(€)°(t) = J*(6())0(1)
in order to solve for 0(t).
This leads to the differential equation:
0(t) = (J°(6(1)))7(€)"(t)
with initial condition

6(0) = inv. kin.(g>(0)) = 6o (0, is typically known)

At this point, we just need to integrate to get the solution.

Ideally, let a computational program deal with this (i.e., ode45 in MATLAB), but if the option is
not available, here is one option ...

0(t) = (J(0(£))(€)"(2)

O(ter1) — 0(tk) _ .
A7 = (J"(O())(E)" (1)

O(tisr) = 0(tk) + AL(I(0(1) (€2 (1)
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Here, we would repeat for all ¢, k = 0,...,n + 1.

Note:

 This is a first-order accurate integration technique. There are other more accurate methods.
* Assumes we can get (£7)°(¢) from a continuous trajectory g*(t).
So, suppose that g*(t) is really just a collection of closely spaced waypoints for which (£¥)°(¢)

can’t be found, e.g, we just have g’ ().

Naive approach:

If g¥(t) is vectorizable, then we can use the standard Jacobian and first-order approximation to
end-effector derivative:

O(tis1) = O(tx) + AT (0(t)))T (gi(tm) - g;‘(tk))

At
O(ti1) = 0(t) + (J°(0(t))) " (92 (tr1) — g2 (t)

Geometric Approach:

Use logarithm:
(€ ()" = Inar(g7 (tr) g(trsr)) (need time of In to be At)

This logarithm can then be used with:

O(th1) = O(t) + AL(J°(0(t1))) (€5 (1))

Ultimately, the idea is to use the Jacobian to relate velocities, then integrate up to final configuration
of the trajectory (MATLAB and others can do the integration)

Problem 1: If the true trajectory starts to deviate from the desired, then the end-effector may
diverge from the desired trajectory (open-loop problem).

Problem 2: What if the trajectory crosses, or passes nearby a singularity? At singularity, the
Jacobian loses rank. So what happens to J?

main part of .JT = (JJ7)~?

losing rank — \; — 0

so for some ¢, the inverse matrix blows up! This would result in infinite joint-level velocities.
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Damped Pseudo-Inverse

Goal: avoid blow-up near singularities.
The pseudo-inverse solved for 0 that minimized:

L(0) = 10]*> subjectto & = J(0)0

Instead, we will propose to minimize:
1

. 1 . .
Sle = I 0)01° + 502!\9!\2

L) = 5

The solution is called the damped pseudo-inverse and is:
JH(0.p) = JT(JIT + p1) !

(2}
0-1_2_;'_/)2 s

The eigenvalues of (J.J”)~! change from - to with o; being the singular values of (JJ7)~1.

The issue will be that now the joint velocities are bounded. The exact bound is:

1
1€l 2p

So the trajectory may deviate from the desired due to these bounds.

Weighted Pseudo-Inverse

This is yet another alternative formulation of the pseudo-inverse minimization problem. It is the
minimization of:

. 1 . 1. .
£00) = 511§ = 01 + 5101

where || - || = (-)TW- for some positive definite and symmetric matrix WW. For example, ||v||w =
v Wo.

The solution to this problem (for the kinematically redundant/sufficient case) is:

JT _ Wfl(Jb>T(JbW71<Jb)T)71

This allows us to give different joint angle rates different priorities by changing our choice of .
Side note: Damped-weighted Psuedo-Inverse is:
JT — W—l(Jb)T(wa—l(Jb)T + pQI)—l
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Recap/Summary

In general, we have so far introduced the following methodology:
1. Start with g} (¢) which either we can vectorize, or assume we are given a collection of way-
points:

gi(ty) for k=0,1,...,n+1

2. Use the logarithm to solve for £ (t;)*:

(& (tk)" = (g™ (tk)g(trs1))
(& tk))® = Inae(g(trr1)g " ()

3. Option 1: Use inverse kinematics (can be closed-form algorithm, iterative such as Newton-
Raphson, or optimization-based) to solve for 6* ().

4. Option 2: Use resolved-rate to solve for 6*(ty):
O(tis1) = 0(te) + AL (0(tr))) (€ (t))"
5. Use the same Pseudo-Inverse to solve for Joint-Velocity:

B(tr) = (J(0(te)) (& (tr)"

6. Use these waypoints to construct cubic polynomials for 6*(¢) and 6*(t) to get a smooth
trajectory.

7. Track 6(t) and (6)(t) with a controller. For example, our MuJoCo simulations use a PD
controller:

a(t) = K, (07 (1) — (1)) + Ka(0"(t) — (1))



