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Topics Covered:
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¢ Derivation for Product of Homogeneous Transformation Matrices
* Derivation for Product of Exponentials

Additional Reading:

» LP Chapter 5; MLS Chapter 3, Section 4
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Review

Last lecture, we introduced the manipulator jacobian which maps joint velocities to the Lie algebra
of the end-effector frame relative to either the fixed frame (spatial frame) or the end-effector frame
(body frame):
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In the rest of today’s lecture we will derive these expressions, as well as slightly different expres-
sions that use the following “body terms’:
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The advantage of these terms is that the partial derivatives are easier to obtain in practice.
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Uses of Manipulator Jacobians

The manipulator Jacobian is a key tool in robotics for a variety of applications including inverse
kinematics, path planning, force control, and singularit/workspace analysis. The key equations that
are used with Jacobians are the following.

For inverse kinematics, the Newton-Raphson method uses the iterative update law:

Ohsr = 00+ (50 (6)) " (9(61)
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6(0x)
8(0) = J~(0o)(xa — f(60))

Here, if J € R™*"™ is not square, we will use the pseudo-inverse:

J_l =~ JT pp— { JT(JJT)_l if .J is fat (’I’I, > m)

(JT)LJT if Jis tall (n < m)

The process of solving for joint velocities is a bit simpler:

0=J7(0)

Example

Consider the following manipulator:
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Lets first calculate the forward-kinematics using the product of exponentials (just for practice and
comparison purposes):
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Lastly, our g is:

0
I |1 +05
Jo = l
0
0 1
Thus, our forward kinematics are:
ge = €917+ gy (1)

Now, let’s compute the spatial manipulator Jacobian for this manipulator using the formula:
=6 & & & & &)

For the first two joint axes, the point along the axes does not change with joint angles (i.e., ¢; =
0,0,1p] ). However, w, will now be:

-1 —cos(6q)
wy=R.(01) | 0| = |—sin(6y)
0 0
Also, the prismatic joint will be:
1oy
0 o
Ué = RZ(Ql)Rx(—QQ) 0 = O !
0 0
- O -
Next, the wrist location (¢,,) will be:
0 0 —(ly +03)s102
qq/u =10 + Rz(el)Rz(—¢92> ll + 93 = (ll + 93)6102
lo 0 lo — (ll + 93)82

Lastly, the final three joint axes will be:

0 —S1S2
(,L)Zl = Rz(el)R$(—02) 0| = C152
1 Co

—81C4 — C1C254

—C1C4 + S$1C254
5254

0 —c5(s109¢4 + ¢184) + S15285
UJ6 R (91)R ( HQ)R (94)R ( 95) 1| = —05(010204 - 8184) — C152S85
0

—82C4C5 — C255
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All of these updated parameters would then be plugged into the following formula for the complete
spatial manipulator Jacobian:

/ / / / / / / /

0 —wh X qr vy —wyX(q, —W5Xq, —WsXq,
/ / / /
w1 Wy 0 Wy W Wg

J* =

Derivation of Manipulator Jacobian using
Homogeneous Transformation Matrices

In the rest of lecture, we will derive the following expressions:

b [AdT! b . -1 b . -1 7
J(0) = |Ad(fnsr ) 1O Ad ) ThO) Adgn+1Jn(9n)]
J0) = |J7(01) - Adppea Ji(0k) - Adn;*;fngfL(@")]
b [Ad~L b -1 b =1 7b
Jo(0) = _Adm:2 (%) J? Admﬂ(e%)go Jp Ad,, Jn}
J’S<0> — Jis(g) Adn;‘;llefjey‘]lj(ek) Adny;fegjej(];(e)]
where each individual body term is defined as:
d9;
b_ —19Yi
T= 950,
o
S =Ad, J’ = Zgt
Jz dgz‘]z aelgl
Let & = 6(t) be the joint configuration of a manipulator. The end-effector trajectory is then
9e(0(1))-
Taking the time derivative, we get:
d
e = — (9.(0(t
9e = = 96(0(2))]
_ 99.0¢
00 ot
= Dgc(0(t))6(t)
= %= ... 2=l

Let’s think about what these partial derivatives (%) mean when the representation for g, is in
homogeneous coordinates?

First, let’s switch frames since g. = Dgeé has mixed frames.

5
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e Body Frame: J°(0) = g '(0) - aga;y) (this is the body manipulator Jacobian)

* Spatial Frame: J*(0) = 895+é9) - g2 1(0) (this is the spatial manipulator Jacobian)

In mixed frames, J(6) = ag;—ée) is called the manipulator Jacobian.

In practice, we work in homogeneous form where needed or when the computations are simpler,
then convert to vector form by unhatting the result.

To do this derivation, let’s consider a basic example that only has 2 joints and 2 links, with the
joints located at the start of the first and second link:

ge<9) = 91(91)92(92)93

To compute the body manipulator Jacobian, we would do:

0g.(0)
00

- dge  9ge
0 |55 o

=g. () [2—519293 g1 gg; 93}

J'0) = g '(0) -

1.1 1o 9ge
=95 95 91" [8—519293 gla—gzgg}

11 9% 1 110G
_ g3 92 91 %9293 93 92 91@93
H,_lz —/_2/
body term body term

Let’s look at these two body terms in particular:

P [cos(6,) —sin(fy) 0] [—sin(d;) —cos(f;) 0 0 -1 0
Jb = gl_lﬂ = |sin(f;) cos(6y) O cos(#y) —sin(6y) O =1 0 O
W o 0 1 0 o o [0 0 o
P [ cos(y)  sin(fy) —cos(fa)ly] [—sin(fy) —cos(fy) O 0 -1 0
Jb = g;lﬂ = | —sin(fy) cos(fy) —sin(bq)ly cos(fy) —sin(fy) 0l =1 0 O
I 0 1 0 o o] [0 0 o0

Plugging these terms back in:

JH0) = [95" 95" T2g205 95" Jogs]
[ b b
= [Ad,; 1A, T Ad, ]

= [Ad b Ad Jg}

— [Adgug I A, ]
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This can be written as the general expression:

P0) = |Adpy ) HE) oo Adgn SO AT (6)

}2] ]k+17

In the example, we would get the body velocity of the end-effector as a function of joint velocities
6 using:

& = J'(0)0
0 . O .
fb — Ad(g2g3)71 ? 01 + Adggl (1) 92

Important note: Order of implementation is irrelevant here, (Ady€)Y = Ad,(£Y). Remember that
Adpé = héhL. So here, (AdyE)Y = (RER™1)Y = Ady€. Also, Ad, can be written as a special
matrix as defined in the following lemma.

Lemma. If € € se(3) is a twist with twist coordinates € € RS, then for any g € SE(3),
g€g~" is a twist with twist coordinates Ad,& € R®. This adjoint is defined as:

sty = [ 1A

We can derive this adjoint matrix as follows:

b
Let &b = [Zj}b} and gy, = [}%b dfl’} . Then, we can write:

w® = Raw’
v = —w’® X dg + dsb
= dg X (Rgw®) + Ryp0” (Since v’ = R%dy)

(-t s

This adjoint matrix transforms twists from one coordinate frame to another.

Continuing with our example, to get the spatial Jacobian, we can use the adjoint of g. with the
body Jacobian:

J*(0) = Ad,, J"(0)

However, as you may notice, we will now have a combination of adjoint terms. Specifically, the

7
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kth column of the manipulator Jacobian is:

Ad,, gAd;! J?
+9) (HJ k+197) F

Looking at just the adjoint terms:

Ad,, 9 Ad ! = Ady

—1
(HJ k+1 9]) )Ad 4

H?=1 95 (Hj:k+1 gj)

We can also rearrange the right-hand term by observing:

919293)f (g19293>_1 § (919293)
11 - 11 1\l
=95'95"'91 € (9592 o0 ")
= Ad(

951 951 9;1)
So using this pattern with our previous adjoint terms:

3
[Ti=195

Ad( )Ad“ = Ad<

Ad
(H?:kﬂ 91) (

HJ 1Y 7) Her;g;l)

However, when we actually apply these adjoints, we would end up seeing a lot of terms cancel:

— — — — -1 _
Ad(r_ o) Ad (s o) Tk = (91927798) (937 - 9ita) T (937 - 9ichh) ™ (oo g0)

(
= (192 93) (95"~ Gisr) Jh (grsr -+ 93) (95" - g7")
= (g1 - gk)Jk(gk gt

Thus, plugging this back into our expression for the spatial Jacobian:
J*(0) = Ady, )" (0)

b b b
= Adgl Jl tt Adl_‘[f:l g Jk‘ ttt AdH 195 Jn
Lastly, since we want everything in terms of the spatial frame, we can substitute in:
T = Ad !
by pulling out the last term of the product series in the previous expression:

J5(0) = [AdglJ{’ o Adppor, Adg - Adppr, Ad J}

]lg] gn“n

:[Jf(@l) o Adppes, Ji(0) - Adnyigjjg(en)}
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Product of Exponentials

We can repeat a very similar process for the Product of Exponentials method of forward kinematics
by representing our end-effector configuration as:

0 nOn
ge = €50 eSOy,

. .. . . . b _—10ge(0)
and plugging this into the formula for the body manipulator jacobian (J°(0) = g, ' =),

b — glel ... gnen -1 8(5‘5101..@57“97190) 8(65161"'e€n0n90):|
J'(0) = (e e go) [ 7 —

— (65191 e 65n9ng0)—1 [5165191 . €£n9ng0 .. _é&neglel L egnango]
= (go—le—énb’n .. 6—5191) [5165191 e e£n9ngo . (65191 . _Snegngn) 90]

Here, we can further simplify these terms by substituting in the body terms:

dg;

Jb =122

i =% 00;
— e—fﬂi&e&ei = Jb

J*(0) = [(go ‘e - e7820) Jp (ef20 o efnfngg) oo ggt TR go)
= [Ade_ﬁiez...esnengojf Ad;)ljg]

- [Ad*1 Jb o Ad Jbo Ad;OlJf;}

H?:Q (egjgj )90 HZ-H(egjoj)gO k

Lastly, we can similarly convert this to the spatial Jacobian:

FO) = [716) - Adppygn R0 - Adps g 10)]



